We study scattering and capture of particles by a rotating black hole in the five-dimensional spacetime described by the Myers-Perry metric. The equations of geodesic motion are integrable, and allow us to calculate capture conditions for a free particle sent towards a black hole from infinity. We introduce a three-dimensional impact parameter describing asymptotic initial conditions in the scattering problem for a given initial velocity. The capture surface in impact parameter space is a sphere for a non-rotating black hole, and is deformed for a rotating black hole. We obtain asymptotic expressions that describe such deformations for small rotational parameters, and use numerical calculations to investigate the arbitrary rotation case, which allows us to visualize the capture surface as extremal rotation is approached.
I. INTRODUCTION
Recent developments in string theory and brane world models have led to an increased interest in higherdimensional solutions of Einstein's field equations. Of particular importance are higher-dimensional spacetimes containing black holes, reviewed in Refs. [1, 2] . In the context of models with large extra dimensions [3] , the black hole size could be much smaller than the effective size of the extra dimensions, and extra dimensions could be (and often are) treated as having infinite extent. This is the case for mini black holes that could potentially be created by high-energy collision experiments in the near future [4, 5] . As one can expect that the particle collisions would rarely be head-on, most of such black holes would be produced in a highly rotating state, which brings a new focus on the original rotating black hole solution of Myers and Perry [6] .
The properties of higher dimensional rotating black holes have been studied extensively [1, 2] . It has been recently shown that the equations of motion in a fivedimensional rotating black hole background are separable for both particles [7] and waves [8] . Generalizations to higher dimensions followed quickly [9, 10] , with current state of the subject reviewed in Ref. [11] . Although a proof of integrability formally solves the problem of geodesic motion in higher-dimensional black hole spacetimes, properties of the actual geodesics remain largely unexplored. In this paper, we address this shortcoming using a combination of analytic and numerical methods.
We study geodesics in a five-dimensional spacetime of a rotating Myers-Perry black hole [6] . We consider scattering and capture of particles launched from infinity toward a black hole, and calculate the capture cross-section and its dependence on black hole rotation. In five dimen-sions, the initial conditions at infinity can be described in terms of three-dimensional impact parameter in addition to the initial particle velocity. The boundary of a capture region in impact parameter space is a deformed two-sphere. This is a natural generalization of the usual capture problem in four dimensions, where the impact parameter has two dimensions, and the capture surface is a deformed one-sphere (circle) [12, 13, 14] .
This paper is organized in the following way: In Section II, we review the metric of a five-dimensional rotating black hole, and write down geodesic equations. Using five existing integrals of motion [7] , they can be cast in the form of five first-order ordinary differential equations. By considering turning points of a "radial" equation of motion, we can deduce conditions under which geodesics will be captured by a black hole. In Section III, we relate the critical values of the integrals of motion for such capture to initial conditions at infinity in terms of the impact parameter. In Section IV, we present our results on capture cross-sections of five-dimensional black holes. In the limit of a non-rotating black hole, the capture surface is a two-sphere, the radius of which is easy to find. Deformations due to small rotational parameters are described analytically by asymptotic expansion of the equations that define the capture surface. As extremal black hole rotation is approached, we finally turn to numerical calculations for visualization of the capture behavior. We finish by discussing our results in Section V.
II. EQUATIONS OF MOTION
A five-dimensional rotating black hole is described by its mass M and two independent (dimensionless) rotational parameters a and b that are scaled by the gravitational radius r g , which is defined such that
where G is the five-dimensional gravitational coupling constant. The original Myers-Perry metric [6] can be generalized and written in several different forms, for example in an unconstrained parametrization [15] . Here we will follow the notation of Ref. [7] , which describes the metric of a 5D rotating black hole in Boyer-Lindquist coordinates, although we will be using a dimensionless inverse-radius-squared coordinate w ≡ (r g /r) 2 , which proves to be more convenient and leads to simpler expressions. With this coordinate choice, the metric of a 5D rotating black hole is written as
Here the over-dots denote differentiation along the trajectory, but we have abandoned affine parametrization and absorbed a common factor in the geodesic equations into a parameter redefinition. We have also introduced the simplifying definitions
and
Associated with the geodesic motion are the following conserved quantities: the particle energy E, the momenta Φ and Ψ that are conjugate to φ and ψ (respectively), and an additional integral of motion K (similar to Carter's constant of the 4D Kerr metric) which follows from the existence of a second-rank Killing tensor of the MyersPerry metric [7] . We have also introduced the flat spacetime scalar momentum p such that p 2 = E 2 − m 2 . The equations (8) for the radial (w) and polar (θ) directions resemble the energy conservation equation for a particle moving in an external potential (−Υ and −Θ correspondingly), and an understanding of their solutions can be gained from our intuition about such problems. Of particular interest to us is the radial equation, in which the existence of turning points determines whether the particle will be captured or scattered back to infinity. Figure 1 shows the effective potential −Υ (in the case of a non-rotating black hole) for different values of integral of motion K, which plays the role of the total angular momentum. We see that the value of K determines the height of the potential barrier the particle has to overcome, and hence whether or not turning points exist.
The condition Υ = 0 indicates a radial turning point. The critical value of the angular momentum K is further distinguished by the condition that the turning point occurs precisely at the top of the potential barrier, i.e. at ∂Υ/∂w = 0. Taken together, these two conditions describe a location of a circular orbit, which turns out to be unstable in our case. If we imagine perturbing this orbit, then trajectories with slightly less angular momentum would result in the particle spiraling into the black hole, while trajectories with slightly more angular momentum would turn around and send the particle back to infinity. These two fates of a geodesic are illustrated in Figure 2 , once again for the case of a non-rotating black hole. The red one has angular momentum slightly above critical, and escapes to infinity, while the blue one has angular momentum slightly below critical, and falls into the black hole.
To find the values of the integrals of motion corresponding to the particle capture threshold, we are then left with the task of solving the system
while eliminating the turning point location w. This venture amounts to finding the w-independent condition for a double root of Υ to exist. Despite giving the impression of a rational function due to appearance of α and β in the denominator of expressions (9) and (10), the effective potential Υ is actually a cubic polynomial in w
with the coefficients given by
One can calculate the location of the unstable circular orbit by taking a linear combination of equations (14) 3Υ
which yields a quadratic equation for orbit radius w ⋆ , with the solution
Rather than attempting elimination of w ⋆ from equation (14), we will use a better technique. The polynomial (15) will have a double root if (and only if) the cubic discriminant
vanishes (δ = 0). Viewed as an equation for total angular momentum K, this condition defines a critical capture surface in integrals of motion space, which in principle solves the problem. In practice though, one ends up with a quartic polynomial in K, the solution of which is prohibitively complex. We will discuss approximate and numerical methods to find the capture surface in Section IV, but before we do that, let us discuss how integrals of motion relate to initial conditions in the scattering problem.
III. IMPACT PARAMETER
Let us now consider a particle launched toward the black hole from very far away, and figure out how the values of integrals of motion are related to asymptotic initial conditions. The asymptotic form of the equations of motion (8) is easy to derive. In the limit w → 0 we have
and so the asymptotic coordinate velocities are related to the values of integrals of motion bẏ
As you can see, we chose the trajectory parametrization that leads to constant coordinate velocities for angular variables at infinity, at the expense of divergentṙ andṫ (both of which blow up as 1/w). This does not affect the proper initial velocity of a particle v ≡ |ṙ|/(r gṫ ) = p/E, of course. If we are far enough away from the black hole, we can approximate the spacetime as flat (in our case, the 5D Minkowski metric), and we can describe distances in the four spatial dimensions using the standard Euclidean metric. Then, the position vector in 4-space can be written in Cartesian coordinates as
Differentiating the particle position vector with respect to Minkowski time variable τ = r g t, we obtain the particle velocity vector v ≡ṙ/(r gṫ ). Since the metric described by equation (2) is invariant under φ and ψ rotations, we will align our coordinate system such that the initial values of φ and ψ are zero. If we denote initial values by the subscript 0, then we find that the initial particle position is
while the initial particle velocity is directed alonġ
Now, along the same lines as the usual four-dimensional analysis [12, 13, 14] , we will define the impact parameter ρ to be the vector in the three-dimensional hyperplane at infinity orthogonal to initial velocity vector v 0 , which connects the line of sight to black hole parallel to initial velocity and the initial particle location. The geometry of this definition is depicted in Figure 3 . From it, we can deduce that our impact parameter is given by the projection
Ultimately, we are interested in the limit of a finite impact parameter infinitely far away from the black hole. In these circumstances, the norm of the particle velocity is dominated by the first term in equation (25) . Noting that the two terms in equation (25) are orthogonal, and keeping in mind that the particle is initially descending Note that this definition is invariant under trajectory reparametrization, as it should be.
Since the impact parameter vector ρ lives in a threedimensional hyperplane, we can represent it as ρ = ρ i e i with i ∈ {1, 2, 3}, where {e i } is a set of orthonormal basis vectors perpendicular to v 0 . A natural choice for this basis is given by
Although strictly speaking these vectors are orthogonal to r 0 , they are suitable for our purposes since asymptotically r 0 and v 0 become parallel. In the {e i } basis, the impact parameter is represented as
Using the equations of motion evaluated at asymptotic infinity (21, 22) , we can relate initial coordinate velocities to our integrals of motion, in terms of which the impact parameter vector is written as
Taking the Euclidean norm of the above expression, and using definition (13) of Θ, we find the length of the impact parameter to be
Substituting the value of the critical angular momentum K obtained from equation (19) into the above expression, and observing that integrals of motion Φ and Ψ are essentially components ρ 1 and ρ 2 of the impact parameter vector, we obtain an equation describing a twodimensional capture surface in impact parameter space. The total capture cross-section is the volume interior to the capture surface.
IV. CAPTURE CROSS-SECTIONS A. Spherical Black Hole
Let us begin by studying the simplest case first: a nonrotating black hole (a = b = 0). As the whole spacetime is spherically symmetric, the capture surface is also a perfect sphere, the radius of which is easy to find. In this case, the effective potential Υ(w) given by equation (11) is a simple quadratic
as shown in Figure 1 . Now, the condition for a double root of Υ(w) to exist is the vanishing of the discriminant
which implies that the critical value of integral of motion K for capture is
The corresponding radius of a sphere in impact parameter space is
such that all trajectories with smaller impact parameters are captured by the black hole, and all the ones with the larger impact parameters escape to infinity. The total capture cross-section is the volume of this threedimensional ball of radius ρ •
When the black hole is rotating, spherical symmetry is broken, and the capture surface is deformed away from a sphere. While the exact solution of the algebraic equations (14) , which are in general cubic polynomials, is too complicated to be of practical use, the deformation can be approximated analytically quite well for a slowly rotating black hole. Let us discuss two useful approximations next, and turn to the general case later.
B. First-Order Approximation
Effects of slow rotation of the black hole on the motion and capture of particles can be studied by perturbative expansion in the magnitude of the rotational parameters a and b. Expanding the effective potential Υ to linear order leads to
and so once again we are left with a quadratic effective potential, except that the leading coefficient is perturbed.
As in the spherical case, we can find the critical value of K by setting the discriminant to zero, from which we obtain
The length of the critical impact parameter vector gains a directionally-dependent term, such that
This is readily recognizable as a simple origin shift
Thus, to linear order in rotational parameters, the capture surface is a sphere of radius ρ • centered around
and the total cross-section is unchanged to first order. As we will see later, this conclusion is confirmed by the general numerical analysis of particle capture.
C. Ultra-Relativistic Limit
Second-order accurate analysis of the capture crosssection turns out to be much harder than the linear one, as order reduction in the effective potential Υ does not happen. Even after second-order expansion, one is still left with a quartic equation (19) to solve. However, there is a special case which allows simplified treatment: the ultra-relativistic limit (E/m → ∞), for which the order of the discriminant δ is reduced by one power of K. A cubic equation is much easier to solve than quartic, so after a straightforward but longish calculation (while keeping only second order terms), we finally obtain
Substituting this into equation (31), and keeping in mind that for an ultra-relativistic particle p 2 ≃ E 2 and ρ • = 2r g , we obtain a second-order accurate expression for the capture surface given by
where the origin o and the shape distortion s are vectors
The above equation for the capture surface is a quadratic section, and after some rearrangement of terms this equation can be brought into the canonical form
where the matrix M is given by
and we have neglected higher-order terms. It is clear now that the capture surface is an ellipsoid centered at o, with interior volume
To second order we have det M ≃ 1 + s 2 , and so the total capture cross-section of ultra-relativistic particles by a (slowly) rotating black hole is
The capture cross-section is maximal for a non-rotating black hole (for which it is υ • = 32π r 3 g /3) and diminishes when the black hole is spun up. As we will see, this approximation works remarkably well, even if the black hole rotation is fast.
D. Numerical Results for General Case
In the general case, solution of the algebraic equations (14) becomes intractable, and we calculate the capture cross-sections numerically. For the purposes of numerical evaluation, solving ordinary differential equations is easier than dealing with a complicated system of algebraic equations, so we determine the capture cross-section by direct integration of the equations of motion (8) . Using a different method also allows an independent cross-check of the analytic results presented so far. We implement the ray-tracer using the standard fifthorder embedded Runge-Kutta integrator with adaptive step-size control [16] . To determine whether the particle gets captured or not, it is only necessary to trace the radial equation of motion, which simplifies the computations involved. Integration starts at infinity, and stops either when the particle reaches a turning point (i.e. escapes), or crosses the outer horizon of the black hole (i.e. gets captured). The initial conditions for particle trajectories are sampled on an uniform three-dimensional grid in impact parameter space using scaled variable L/E = (p/E) ρ/r g , the critical values of which are finite for all particle momenta. The size of the grid is taken to be 128 3 . To improve the quality of the capture cross-section evaluation, adaptive mesh refinement is employed around the capture boundary surface, with mesh refinement factor of 16. Rays traced at sub-grid resolution are folded back onto original grid using anti-aliasing to produce smooth properly sampled capture surface.
We calculated the capture cross-sections as seen from different angles, for different particle momenta, and scanned the rotational parameter space (a, b) on a fine grid. Here we summarize the results of our numerical calculations, which represent a significant computing time on a large parallel machine (CITA's Sunnyvale cluster). Figure 4 shows the calculated dependence of total capture cross-section of ultra-relativistic particles on rota- The same data for total capture cross-section of ultra-relativistic particles as in Figure 4 , but projected on the (a 2 + b 2 ) 1/2 axis. As you can see, the change is second order in rotational parameters, and is at most 20% even for near-extremal case. Thick black line shows results of approximation (47), which works remarkably well.
tion parameters a and b of a five-dimensional MyersPerry black hole, as seen from θ 0 = π/4 angle. As you can see, the change in capture cross-section is small and almost symmetric with respect to rotations in (a, b)-plane, precisely as formula (47) would suggest. This approximation is directly compared with numerical data in Figure 5 , and the agreement is excellent. The approximation (47) is reliable to 1% half-way to extremality, and is not too far off even for extremal black hole rotation.
Although an important quantity, the total capture cross-section volume does not carry the full information about particle capture. Let us examine the actual particle capture surfaces in more detail. Figure 6 shows a two-dimensional slice through the capture surface in L x -L y plane (where the deformation is most apparent) for slowly moving (E/m = 1.01) and ultra-relativistic (E/m → ∞) particles. The plots are done for large rotational parameters a + b → 1, so that extremal black hole rotation is approached, and are as seen from θ 0 = π/4 angle. The capture surfaces shift in the right direction (40), but their shapes become more complex than what could be described by a quadratic section. From Figure 6 , it is clear that deformations of the capture surface are most significant in the ultra-relativistic limit, which is the reason we focused on this case for total capture cross-section. Figure 7 shows a 3D rendering of the capture surface for ultra-relativistic particles in near-extremal limit a → 1, b = 0. To help visualize the surface shape, four views of the surface from different directions are presented, with impact parameter isolines overlayed. The effect of high rotational parameters is a quite significant deformation of the surface, with the most prominent feature being two flattened "cheeks". This flattening of the capture surface occurs for retrograde trajectories [17] , for which the particle angular momenta Φ and Ψ have opposite signs from the black hole rotational parameters a and b correspondingly. Conversely, for direct trajectories, the capture surface "bulges" out. This effect is not dissimilar to what happens to the the capture circle for extremal Kerr black hole in four dimensions [12] , except it occurs in three dimensions, and more than one plane is involved. The flattening of the capture surface is most likely caused by the quartic section (19) going nearly degenerate, but it is hard to analyze explicitly.
V. DISCUSSION
We have studied scattering and capture of particles by five-dimensional black holes. The capture cross-section for a non-rotating black hole is bound by a perfect twosphere in three-dimensional impact parameter space. Rotation of the black hole (described by two dimensionless rotational parameters a and b) deforms the capture surface. To linear order in rotational parameters, the capture surface remains a sphere, but its origin shifts. This behaviour is similar to what happens in four dimensions [18] . To second order, the capture surface becomes an offset ellipsoid, and its volume (i.e. the total capture crosssection) decreases with rotation. As extremal black hole rotation is approached, the deformation of the capture surface becomes quite strong, and we visualize it using numerical calculations.
Although we have not considered wave propagation or quantum effects in this work, our results on particle capture have some bearing on these more complicated problems. Capture cross-sections of ultra-relativistic particles have been used to estimate grey-body factors for Hawking radiation by higher-dimensional non-rotating black holes [19] using the DeWitt approximation [20] . Although this approximation is not entirely justified, it leads to results which agree fairly well with exact calculations [21] . If the DeWitt approximation works for rotating black holes as well, our results will provide a simple estimate for grey-body factors for arbitrarily rotating black hole in five dimensions. The validity of the DeWitt approximation in this case remains to be seen, however, and it will probably not describe wave phenomena like super-radiance adequately. Nevertheless, it might be fruitful to investigate it further.
As a final thought, we note that dependence of black hole cross-sections [21] , or deflection angles [22] , on the dimensionality of spacetime has been suggested as a way to determine the number of extra dimensions (provided higher-dimensional black holes are ever observed, of course). As the dimensionality of spacetime is increased, the critical impact parameter for light capture decreases [19] , but the dependence is not very strong. The critical impact parameter is reduced by about 12% when one goes from five to six dimensions, and less above that. If one were to base the decision about the number of extra dimensions on a measurement of the total capture cross-section alone, one could be mislead by the effects of black hole rotation, which could decrease the crosssection by comparable amount, as we show in this paper. This degeneracy can be disentangled upon closer inspection, but serves to illustrate the importance of black hole rotation in higher-dimensional models.
